A general expression for the cross sections of inelastic collisions of fast (including relativistic) multicharged ions with atoms which is based on the genelazition of the eikonal approximation is derived. This expression is applicable for wide range of collision energy and has the standard nonrelativistic limit and in the ultrarelativistic limit coincides with the Baltz's exact solution [1] of the Dirac equation.
Introduction
Study of inelastic processes in the collision of atoms with fast (including relativistic) highly charged ions has been a subject of considerable interest recently. One of motivation for this interest is the anticipated large effective field strength creating by highly charged ions which exceeds internal atomic field strength. Creating such a fields by the another methods is very complicated problem presently. Thus up to now, collision experiments with highly charged ions are the only way for investigating atoms and molecules in superstrong fields. From the fundamental viewpoint study of behavior of matter in superstrong electromagnetic fields is one of the important problems of modern physics. Furthermore, a number of applied problems such as measuring of energy spectrum of nuclear fission, synthesis of superheavy elements, interpretation of data on superheavy cosmic rays, ion diagnostics and spectroscopy of plasma, etc., stimulate the extensive study of collisions of highly charged ions with atoms. Among such a processes collisions of fast and relativistic highly charged ions with atoms are of great interest due to the anticipated large cross sections. Therefore these processes are also of applied importance.
The theoretical methods used for relativistic collisions are very similar to those applied for nonrelativistic collision energies and have mainly the perturbative character. The relativistic treatment within the plan wave Born approximation dates back to Möller [2] and has been further developed by Jamnikand Zupancic [3] , Davidovich et.al [4] and by Anholt [5] . As is well known [6] in a relativistic ion -atom collisions perturbation theory begins to break down for large projectile charges (for Z ≥ 75).
For example the well known Born approximation leads to a result in which (for small impact parameters) the ionization probability exceeds unity. For this reason nonperturbative methods for calculation of such processes are needed. Presently a few nonperturbative results are available. Becker et.al. [7] used a finite difference method to solve the Dirac equation for
collisions at 1 GeV/u on a discretized grid. Recently Baltz [1] have obtained exact solution of the Dirac equation for relativistic heavy ion collisions in the ultrarelativistic limit. Another nonperturbative methods of calculation of cross section such inelastic processes are the Glauber approximation [8, 9, 10] and sudden approximation [11, 12, 13] . In this work using the eikonal approximation we obtain a general expression for the cross section of inelastic collision of fast as well as relativistic highly charged ion with complex atom. This expression is applicable for wide range of collision energies and has the standard nonrelativistic limit and in the ultrarelativistic limit coincides with the Baltz's exact solution [1] of the time-dependent Dirac equation. As an application of the obtained result excitation and ionization cross sections of hydrogenlike atom, single and double excitation and ionization of heliumlike atom, multiply ionization (up to eightfold) of neon atom and (up to eighteen) of argon atom, probability and cross section of the K-vacancy production in the relativistic Eikonal approximation for relativistic ion atom collisions A general expression for the inelastic transition amplitude from state | Φ i > to state | Φ f > for the collision of relativistic highly charged ion with light (nonrelativistic before and after collision) atom in the Glauber approximation has been obtained previously [14] (following [15] ):
where q = k f − k i is the momentum transfer. The scattering potential
is a function of ion's coordinates R = (x, b) as well as coordinates of atomic electrons, which we denote as {r a },
where N is the number of electrons.
To generalize this eikonal approximation for the case of relativistic ionheavy (relativistic) atom collision one should account the followings: a) behavior of atomic electrons are described by the Dirac equation; b) in the Glauber approximation U (x, b; {r ′ a }) is the static Coulomb potential which is induced by the atomic nuclear and the electrons which are in fixed (and simultaneous from the projectile viewpoint) points r 
In the rest frame of the atom we have for t ′ = 0:
a is the Lorentz matrix which transforms the wave function from ion-to-atom rest frame. It acts only to byspinor indices of the atomic electron with index a (corresponding Dirac matrices are α a ),
a is the matrix which is written as [16] 
Thus in the rest frame of the atom the transition amplitude from state | ψ i > with energy E i to state | ψ f > with energy E f can be written, in the Glauber approximation, as the following:
where
a . This is the final expression for the transition amplitude which could be used in the collision of relativistic ion with complex (relativistic or nonrelativistic) atom. The formula ( 2) (as well as ( 1)) is applicable when the collision time is considerably less than characteristic atomic time.
If we are not interesting in ion's scattering angles one can perform integrating over these angles. So, for small angles one has
Representing | f if (q) | 2 from ( 2) in the form of product of integrals over and performing integration over these variables by using eq. ( 3) and integral representation of the δ-function we obtain the cross section of transition from state | ψ i > to state | ψ f > for the relativistic ion-atom collision:
In this expression integrand is interpreted as the transition probability from state | ψ i > to state | ψ f > in the collision with the impact parameter b. One should note that in this form this probability coincides with exact one obtained by Baltz [1] for the ultrarelativistic case and has a standard nonrelativistic limit [15] . For long-range potentials integral in (4) diverges for large impact parameters. However, as is known, such a divergence is not considerable [9, 17] , since for large impact parameters the Born approximation can be applied. There is a region in which the regions of applicability of Born and eikonal approximations overlap one which other.
This allows a correct matching of cross sections over the impact parameter.
Consider this matching in the case of K-vacancy production in the collision of relativistic heavy ion with heavy atoms when the transition of the atomic K-shell-electron from the state |i > to the continuum state |k > with momentum k will occurs. Let's denote via b 0 upper integration limit over the impact parameter b in (4). For b ≫ s and orthogonal |k > and |i > the generalized inelastic formfactor
tends (for small q) to iq < f |r|i >, where q = 2Zb/(vb 
In the region b > b 0 the field of the ion is a weak perturbation and one can use the so-called Bethe asymptotic:
where η = e B = 1.781 (B=0.5772 is the Euler constant), ω i is the "average" ionization frequency :
where Ω ki = ǫ k −ǫ i -transition frequency. Summing ( 6) and ( 9) we obtain the total K-shell ionization cross section:
Quantities λ i , α i and ω i are calculated numerically using the formulae ( 7), ( 8) and ( 10) . Note that the dependence on the cut-off parameter b 0 disappears after matching.
If the states of more than one electron change after the collision, or the dipole transitions are forbidden, integration over the impact parameter in ( 4) can be extended to the hole plan of impact parameters (since integrand garantees convergence) and there is no need in matching. 
and ω i depend on only the atomic characteristics but not depend on the impact parameter, projectile charge and velocity:
These facts allow us to obtain simple analitical expressions for the cross sections by matching.
1 Strictly speaking, atomic electrons appearing in the continuum in the result of ionization by the impact of relativistic ion can take relativistic velocities. However, as is shown in [9] such a processes occur for the small impact parameters and corresponding contributions to the full ionization cross section by the impact of highly charged ion can be neglected.
Collisions with hydrogenlike atoms
Here we give the trasitions cross sections (obtained by matching using the large impact parameter approximation ( 5)) of nonrelativistic hydrogenlike atom (with the nuclear chargeZ a ) from the ground state to the state with principal quantum number n in the collision with relativistic highly charged
where Ω n = ǫ n − ǫ 1 , some of γ n equal For the total ionization cross section we have
Summing ( 14) over all n one obtains the total cross section of excitation of discrete states
and the total inelastic cross section
Obtained formulae ( 14) and ( 15) can be used for the estimation the cross sections of excitation and ionization of K-shell by the impact of relativistic highly charged ion when the K-shell electrons can be described by the hydrogenlike wave functions with the effective charge Z a . For the estimation of L-shell excitation or ionization cross sections one can use excitation or ionization cross sections of hydrogenlike 2s and 2p states. For the hydrogenlike atom in the initial 2s-state we have
where n ≥ 3, Ω n = ǫ n − ǫ 2 , the numbers β n are For the hydrogenlike atoms initially being in the 2p-states (after averaging over the projection of the angular moment of this state) we have
where n = 2, the numbers β n are Analogously other many-electron transitions can be calculated: i.e., the interaction of projectile with atomic electrons accounts only once and all other interactions correspond to the interelectron correlation which should be accounted necessary times. However situation changes when the interaction of atomic electrons with projectile is considerably large than the correlation of atomic electrons. In this case the many-electron transition should be considered [26, 22, 9] as a result of direct interaction of projec-tile's strong field. Formulae ( 1, 2) and ( 4) correspond [9] to the such a mechanism of direct interaction. Below we give the expressions for the total cross sections of one-and two-electron transitions from ground state of nonrelativistic heliumlike atom in the collision with relativistic highly charged ion, obtained in the large impact parameter approximation ( 5) .
In all the cases two-electron states of the heliumlike atom are described in the form of symmetrized product of hydrogenlike one-electron wave functions. In order to avoid orthogonolization procedure (which is not simply defined) we choose the one-electron hydrogenlike wave functions with effective charge equal: Z 1 -for one-electron transitions, Z 2 -for two-electron transitions. Let's denote via |n 1 , n 2 > two-electron states of heliumlike atom with two set of one-electron hydrogenlike quantum numbers n 1 and n 2 . Then the cross section ( 4) of transition from the ground state |0, 0 > to state |n 1 , n 2 > in the large impact parameter approximation ( 5) is
Thus the cross section is expressed by the integral (over the impact parameter) from the product of the well known hydrogenlike formfactors [15] .
The cross sections of two-electron transitions (when the states of both electron change) can be obtained directly from ( 22) by integrating over the hole plan of impact parameters. The cross sections of inelastic processes which include one-electron transitions (for example, single excitation or ionization, total inelastic cross sections) can be obtained by matching with perturbation theory. Therefore these formulae logorithmically depend on the projectile velocity and relativistic factor γ = 1/ 1 − v 2 /c 2 .
The single ionization cross section when one of the electrons get into the continuum and another one get into one of the discrete states is
The total cross section of the one-electron excitations of discrete spectrum when one of the atomic electrons excites to the one of states of the oneelectron discrete spectrum, another one remains in the ground state is
The total double ionization cross section can be obtained by summing ( 22) over all n 1 and n 2 corresponding to the two-electron continuum:
The total cross section of transition of heliumlike atom to any doubly excitated state, after summing over n 1 n 2 (belonging to the two-electron discret spectrum) is
The above cross sections are connected by the general relation
where the total inelastic cross section σ r , corresponds to the arbitrary excitation of heliumlike atom and is given by
where Z a is the effective charge of heliumlike atom in the ground state (1S 2 ) and equal to the charge of bare nucleus minus 5/16.
As an another example of two-electron transition to the discrete state we give the excitation cross sections of autoionization states of heliumlike atom with principial quantum number n = 2 (L-shell). Since in the considered collisions the spins of the electrons can not change, the excitations of the following autoionization states are possible : 2s
The corresponding cross sections are
In the table 1 the experimental data (for excitation of autoionization states), the results of our calculations and the results of calculations from [19] are compared. The results are given for the sum of (2s2p + 2p 2 ) excitaion cross sections for helium atom; Column 1 is the projectile energy per nucleon; column 2 is the projectile charge; column 3 is the experimental result; column 4 is the our result (Z 2 = 1.97); column 5 is the result of numerical calculations from [19] .
In Fig.2 the results of experiments from [20] , the results of calculations obtained using formulae ( 25) and ( 23) [23, 24, 25] ).
Excitation and ionization of nonrelativistic complex atoms
Though strong field of highly charged ion leads to high ionization probabilities, in the case of multiple ionization and excitation the large impact parameter approximation ( 5) can break down, due to the fact that corresponding cross section may become comparable with atomic sizes.
Therefore more general consideration on the ground of formula ( 4) is needed. Let's consider the electrons of nonrelativistic (before and after collision) multielectron atom as distinguishable and each electron described by hydrogenlike wave function. Then the initial wave function.
. Therefore for the total (N 0 − N ) -fold ionization probability of nonrelativistic N 0 -electron atom, corresponding to the ionization of (N 0 − N ) electrons by simultaneous transition of other N electrons to any of states of discrete spectrum, with account of unitarity, according to ( 4) we have (29) where
k i -is the momentum of i -th electron in the continuum. This probability depends on the vector b but after averaging over the orbital moment of the initial state of atom it will depend on only | b |. Let's introduce avareged over moment l and its projection m inelastic formfactor for each electron, which also averaged over all atomic shells: Existence of this maximum follows from [1, 17] . As a result the total N 0 -fold ionization cross section is . Integrating each term by the Laplace method we obtain the cross section of (N 0 − 1) -fold ionization.
Analogously in the general case of (N 0 − N ) -fold ionization acting analogous one obtains
where Z * taken equal to the ionization degree (Z * N = N ). As is seen from these Figs. accordance of our calculations with the experimental data from [28, 29] is good enough even for the ionization of lower multiplicities, lying out of the region of applicablity (N 0 − N ≫ 1) of formulae ( 32), ( 33) and ( 34).
K-vacancy production in the collisions with heavy atoms
In this section the above results on the eikonal approximation are applied for the calculation of probabability and cross section of K-vacancy production in the collision of relativistic highly charged ions with heavy (relativistic) atoms. As was mentioned above the integrand in (4) can be interpreted as the probability of transition from state | ψ i > to state | ψ f > in the collision with the impact parameter b. Direct calculation of the probability can be performed only numerically. Therefore we assume the following simplifications: a) We will use the large impact parameter approximation (5) b) The target atom is considered as a quasirelativistic i.e.,
that means as a wave functions | ψ i > and | ψ f > one can use the well known Darwin and Zommerfeld-Mau wave functions [6] .
Then for the K-vacancy production probability we have
is the square of the absolute value of the well known relativistic hydrogenlike formfactor < k|exp{iqr}|i > integrated over the emission angles of the electron [5, 6] . It differs from the nonrelativistic one by the presence of the constant N and the factor (1 + k
, (Z a is the charge of target).
The ionization probability (as a function of impact parameter) calculated using this formula for U 92+ -U 91+ collision is given in Fig.6 . As is seen from this figure our approach based on the eikonal approximation gives, for small impact parameters, an ionization probability which is less than unity. Let's calculate now the K-vacancy production cross section using the formula ( 11) . The above simplifications a) and b) leads to the formula ( 8) which is of the same form as the formula ( 12) 
Conclusion
Thus we have derived general formulas for cross section which are applicable in the case of collisions of atoms with ions of arbitrary charge. These obtained formulae are applied to the (analitically and numerical) calculations of the following processes: 1) the excitation and ionization cross sections of (nonrelativistic) hydrogenlike and heliumlike atoms in the collsions with relativistic highly charged ions;
2) the probability and cross section of K-vacancy production in the rela-
3) the multiple (up to 8 for Ne and up to 18 for Ar) ionization cross sections in the collision of complex atoms with relativistic highly charged ions.
We also have obtained simple analytical expressions for inelastic cross sections and derived recurrence relations between the cross sections of various multiplicities. Obtained theoretical results are compared with the experimental data.
Besides that the above calculations of cross section and ionization probability, using the eikonal approximation, enables to avoid some difficulties appearing in the case of application of perturbation theory to the relativistic highly charged ion -heavy atom collisions and leads to the result coinciding, in the ultrarelativistic limit, with the known exact one. 4 -The sudden approximation [17] . Fig.2 Experimental results from [20] and results of calculations (by formulae ( 25) and ( 23) • -experiment, × -calculations. 2 -experiment from [28] , △ -our results. Fig.4 The experimental results from [28, 29] and calculations (using ( 32) -( 34)) for the multiply ionization cross sections of N e atoms in the collision with 120 Mev/n. U
90+
ions as a function of ionization degree n:
2 -experiment, △ -our results. collision. Solid line is the result of our calculations, dashed one is the result from [6] . The cross section is given in barns.
